INTRODUCTION
Let X ⊂ P n be a rational normal scroll of degree f and dimension r = n − f + 1. X is the image of a projective bundleX over P 1 of rank r − 1 through the birational morphism j defined by the tautological line bundle OX (1). Depending onX, the scroll X may be smooth (in this case j is an isomorphism) or singular. The aim of this note is to study Weil divisors on a singular rational normal scroll. Let V be the vertex of X, we have that codim(V, X) ≥ 2. When codim(V, X) = 2 the scroll X is a cone over a rational normal curve of degree f ; in this case let E = j −1 (V ) be the exceptional divisor inX.
The paper is divided into four sections. In section 2 we set up the notation and recall some standard facts about Weil divisors on normal varieties: the strict image map j # : CaCl(X) → Cl(X) (defined in Prop 2.1), is used to describe the group Cl(X) of Weil divisors on X modulo linear equivalence. It turns out that there are two different cases: (i) when codim(V, X) > 2, then j # is an isomorphism; (ii) when codim(V, X) = 2, then j # is surjective and ker(j # ) is generated by E. Since the group CaCl(X) of Cartier divisors onX modulo linear equivalence is well known, this provides an explicit description of Cl(X) (Cor. 2.2). Furthermore we introduce the basic theme of the next section: the relation between the strict image, the scheme theoretic image and the direct image of the ideal sheaf of a divisor oñ X (Lemma 2.5).
The goal of section 3 is to describe the sheaves corresponding to Weil divisors on X. It is known (see Prop. 3. 3) that the group Cl(X) is in bijection with the set Div(X) of divisorial sheaves on X (i.e. coherent sheaves which are reflexive of rank one), and induces on it a natural group structure. We describe explicitly the group Div(X) via the direct image morphism j * : Pic(X) → Coh(X) of sheaves. In particular, we will be able to say when the direct image j * F of an invertible sheaf F ∈ Pic(X) is reflexive. The analysis naturally splits in the two cases above mentioned. When codim(V, X) > 2, we will prove with standard techniques that j * Pic(X) = Div(X) (Cor. 3.10). In particular (Prop. 3.9) the divisorial sheaf O X (D) of a Weil divisor D on X is
whereD is the proper transform of D inX. When codim(V, X) = 2, this is no longer true. To overcome this problem we introduce the concept of integral total transform D * ⊂X of a Weil divisor D ⊂ X (see Def. 3.13). We prove (Th. 3.17) that Div(X) consists of the direct images of those line bundles F ∈ Pic(X) such that the degree deg(F |E ) of F restricted to the exceptional divisor E is < f , where f is the degree of the scroll X. In particular we will prove the projection formula:
In section 4 we will study the intersection of Weil divisors on X in the critical case, i.e. codim(V, X) = 2. According to [6] , Prop. 2.4. an effective Weil divisor D on X ⊂ P n is itself a closed subscheme of X of pure codimension 1 with no embedded components. Given two effective divisors D and D ′ on X with no common components, we can consider the scheme-theoretic intersection Y = D ∩ D ′ ⊂ P n and ask, for example, for its degree. Note that when codim(V, X) > 2 one can compute the degree of a "complete intersection" of
. . , D l using the natural intersection form on Cl(X) inherited from0X, via the isomorphism j # . When codim(V, X) = 2, the unique linear theory of intersection which can be defined in X is the generalization to higher dimension of the theory developed by Mumford in [7] for a normal surface. According to this theory, the intersection number of two divisors D, D ′ on X is a rational number defined as the intersection number of the corresponding rational total transforms inX (see Def. 3.12), which is in general a rational number and does not represent the degree of the scheme theoretic intersection Y = D ∩ D ′ . In Th. 4.6 we will use the integral total transform to find the minimal reflexive resolution of O Y as an O X -module, which allows us to compute the degree of Y (Prop. 4.11) .
The last section is devoted to examples and applications. In particular in Ex.5.1 we show that every divisor of degree ≥ n on a rational normal cone of degree n−1 in P n has maximal arithmetic genus. In Ex. 5.2 we show that, when codim(V, X) = 2, every effective divisor D ⊂ X and every scheme theoretic intersection Y = D ∩D ′ ⊂ X of two effective divisors with no common components are arithmetically CohenMacaulay schemes in P n . In Ex. 5.4 we will compute the arithmetic genus of Y . Much of this material was motivated by the subject of my doctoral thesis: Classification of curves of maximal genus in P 5 , since these curves lie on (possibly singular) rational normal three-folds. In that context it is necessary to compute the degree of the scheme theoretic intersection of two divisors on a rational normal cone X over a twisted cubic in P 5 , and to develope some linkage tecniques on X. Moreover, for the linkage problem, it is necessary to know the divisorial sheaves on X. Thanks to my advisor Ciro Ciliberto.
PRELIMINARIES
In this section we recall some basic facts about rational normal scrolls and we describe the group Cl(X) in terms of CaCl(X). For more details about rational normal scrolls the reader may consult for example [8] or [3] .
A rational normal scroll X ⊂ P n is the image of a projective bundle π : P(E) → P 1 over P 1 of rank r − 1 through the morphism j defined by the tautological bundle O P(E) (1) , where E ∼ = O P 1 (a 1 ) ⊕ · · · ⊕ O P 1 (a r ) with 0 ≤ a 1 ≤ · · · ≤ a r and a i = f . If a 1 = · · · = a l = 0, 1 ≤ l < r, X is singular and the vertex V of X has dimension l − 1. Let us denote P(E) =X. The morphism j :X → X is a rational resolution of singularities, i.e. X is normal and arithmetically Cohen-Macaulay and R i j * OX = 0 for j > 0. We will call j :X → X the canonical resolution of X.
It is a general fact that Weil divisors on a normal scheme do not depend on closed subsets of codimension ≥ 2. We refer to [5] , Prop. II, 6.5. for this basic fact which we will continuously use in this note. In Th. 3.1 we will see the equivalent result in terms of sheaves. Let X S = X \ V be the smooth part of X; since X is normal by [5] , Prop. II, 6.5. there is an isomorphism
, where D i are prime divisors on X; in other words, given a prime divisor D S on X S there is an unique prime divisor D = D S (the closure of D S in X with the induced scheme structure), which extends D S on all X. Since j |j −1 XS is an isomorphism, we can rewrite [5] , Prop. II, 6.5. in the following way: PROPOSITION 2.1 Let X be a singular rational normal scroll, let V be its vertex and let X S be its smooth part. Let j :X → X be the canonical resolution. Then:
, where we ignore those
3. if codim(V, X) = 2 and E is the exceptional divisor of j, then there is an exact
Given a Cartier divisor C onX, the Weil divisor j # (C) on X will be called the strict image of C through j. It is well known that Pic( (1) ] is the class of the fibre of the map π :X → P 1 . Let H = j #H and R = j#R be the strict images ofH and R respectively (i.e. respectively an hyperplane section and a divisor in the ruling of X). Then as a consequence of Prop. 2.1 we have the following: COROLLARY 2.2 Let X ⊂ P n be a singular rational normal scroll of degree f and let j :X → X be its canonical resolution. Then
Proof. 1) Follows immediately from Prop. 2.1 2). When codim(V, X) = 2 an hyperplane section H passing trough V splits in the union of f fibers R, therefore we have H ∼ f R, i.e. by Prop. 2.1 3) E ∼H − fR. However, besides the strict image, there are other natural ways of "pushing down" a divisor onX. Namely one can consider the scheme theoretic image. If C ⊂X is a subscheme ofX, the scheme-theoretic image j * (C) of C through j is the unique closed subscheme of X with the following property: the morphism j • i, where i : C ֒→X is the canonical injection of C inX, factors trough j * (C), and if D is any other closed subscheme of X through which j • i factors, then j * (C) ֒→ X factors through D also (see [2] , §6.10 pp. 324-325 and [5] Ex. II, 3.11 d)). According to [6] , Prop. 2.4. an effective Weil divisor D on X ⊂ P n , i.e. a formal sum n i D i with n i ∈ Z + and D i irreducible, corresponds to a closed subscheme of X of pure codimension 1 with no embedded components. Therefore we can talk about the scheme theoretic image j * (C) of an effective divisor C.
Given a prime divisor D on X, the proper transformD of D onX is the closure j −1 (D ∩ X S ) with the induced reduced scheme structure. The proper transform of any Weil divisor in X is then defined by linearity. IfD is effective it follows thatD is the scheme-theoretic closure ofD |j −1 XS inX, that is the smallest closed subscheme ofX containingD |j −1 XS as subscheme (see [2] Def. 6.10.2 pg. 324); this implies thatD is the scheme-theoretic image ofD |j −1 XS through the canonical injection k :D |j −1 XS ֒→X. 
Let codim(V, X) > 2 and let D be a divisor on X. The unique Cartier divisor
C onX such that j # (C) = D is the proper transformD. Indeed, since C and D coincide outside a subset of codimension ≥ 2, they must be equal. 6.10.3 pg.324 (transitivity of the scheme-theoretic images) we have that j * (k
this proves what we claimed.
In the following Lemma we prove that for an arbitrary divisor C onX the scheme theoretic image j * (C) is defined by the ideal sheaf j * I C|X ֒→ j * OX = O X . As it will be more clear in the next section, the strict image j # (C) is defined by j * I C|X ∨∨ (Prop. 3.3 4)).
LEMMA 2.5 Let C be an effective Cartier divisor onX and let j * (C) be its schemetheoretic image in X. Then j * (I C|X ) ∼ = I j * (C)|X .
Proof. Let us consider the following diagram of sheaves on X:
Since j * OX ∼ = O X , the morphism j # : O X → j * OX is an isomorphism; therefore, by the Snake's Lemma, we have to prove that the morphism O j * (C) → j * O C is injective. This follows because otherwise ker(j
but this cannot happen by universal property of j * (C).
DIVISORIAL SHEAVES
We consider here the problem of describing the group Div(X) of divisorial sheaves on a singular rational normal scroll X in terms of the Picard group Pic(X) of the canonical resolutionX. It is known (see Prop. 3.3 below) that Div(X) is naturally isomorphic to the group Cl(X) of Weil divisors modulo linear equivalence, The analysis naturally splits in two cases: codim(V, X) > 2 and codim(V, X) = 2. First we deal with the first case, which can be treated in a more or less standard way. The result (Cor. 3.10) is that the natural map j * : Pic(X) → Coh(X) is in fact an isomorphism j * : Pic(X) → Div(X). This is no longer true when codim(V, X) = 2. To overcome this problem we will introduce the concept of integral total transform of a Weil divisor D on X. But first let use give basic definitions and properties of divisorial sheaves on a normal scheme; for details and for a more general point of view the reader may consult [6] , §2. Let X be a normal scheme. We recall that a coherent sheaf F on X is reflexive if the natural map F → F ∨∨ is an isomorphism, where F ∨ denotes the dual sheaf Hom(F , O X ). The following Theorem, which says that reflexive sheaves depend only on subsets of codimension 1, is a basic fact which we will use in this section. Proof. [6] , Th. 1.12. We recall from this proof the way to extend a reflexive sheaf G on X \ Y to a reflexive sheaf F on X. It consists in taking a coherent extension F 0 of G in X (which exists by a general result on extensions of coherent sheaves), and then to put F = F 0 ∨∨ . The double dual of any coherent sheaf is in fact always reflexive. 
is called the divisorial sheaf of X.
The following Proposition (see [6] , Prop. 2.8.) describes the equivalence between reflexive sheaves and divisorial sheaves. In point 4) is defined the group structure on Div(X) induced by Cl(X). PROPOSITION 3.3 Let X be a normal scheme. 
For any Weil divisor
We come back now to the case of a singular rational normal scroll X. Our goal is to explicitly describe Div(X) with its group structure and the idea is to compare Div(X) with Pic(X), via the direct image map j * of sheaves. There is a natural surjective map, induced by the strict image map j # : Pic(X) → Cl(X), which we call again j # :
∨∨ which is bijective when codim(V, X) > 2. The sheaf j * (OX (C)) ∨∨ must be the divisorial sheaf O X (j # (C)) by Th. 3.1 since it is reflexive and isomorphic to O X (j # (C)) outside a subset of codimension ≥ 2 (in the open set X S ). We are then going to compare j # : Pic(X) → Div(X) with j * : Pic(X) → Coh(X) or, in other words, we are going to check when j * (OX (C)) is a reflexive sheaf. Of course we will have, according to Prop. 2.1, two separate cases: a) codim(V, X) > 2 and b) codim(V, X) = 2. First we briefly describe j * (Pic(X)). We refer for details to [10] or [4] . Let us denote:
the invertible sheaf associated to the class [aH + bR] in Pic(X) and let us consider on X their direct images:
with a, b ∈ Z. The cohomology of OX (a, b) can be explicitly calculated using the Leray spectral sequence, which, since R i π * OX (a, b) = 0 for every a, b ∈ Z and 0 < i < r − 1 (by Grauert's Theorem), simplifies as follows:
Therefore for i < r − 1 and a ≥ 0 we obtain:
which are zero of course if a < 0 and for 1 < i < r − 1; while for j = r − 1, r we obtain:
which can be computed also by Serre duality using (3.4). For a ≥ 0 and b ≥ −1 using (3.4) we compute:
For b < −1, the dimension h 0 (X, OX (a, b)) depends on the type of the scroll, i.e. on the integers a 1 , . . . , a r . We recall from [10] that we have the vanishing
for i > 0 and for all a ∈ Z and b ≥ −1, which implies, via the degenerate Leray spectral sequence associated to j:
for i ≥ 0. Moreover in [10] it is proved that the dualizing sheaf ω X of X is:
As we will see (Cor. 3.10 and Th. 3.17), ω X is always a divisorial sheaf, so it makes sense to talk about the canonical divisor K X ∼ −rH + (f − 2)R on X. Let us consider the case when codim(V, X) > 2.
PROPOSITION 3.9 Let codim(V, X) > 2, let D ∼ aH + bR be a Weil divisor on X and letD ∼ aH + bR be its proper transform onX. Then
Proof. It is sufficient to consider the local situation. Let U be an open set containing the vertex V and let
where the last isomorphism follows from Th. 3.1. 
Moreover the natural group structure on Div(X) inherited from Cl(X) is given by
Proof. The first assertions follows directly from Prop. 3.9. The description of the group structure on Div(X) follows from Prop. 3.9 and part 4) of Prop. 3.3.
) would be invertible, which is a contradiction since R is not Cartier (see Remark 2.3).
When the codimension of V is 2 we know (Remarks 2.4 3)) that the map j # : Pic(X) → Cl(X) is not injective and therefore also the map j # : Pic(X) → Div(X) is not injective. It turns out that the study of Div(X) becomes very simple if we introduce, for any Weil divisor D on X, a Cartier divisor D * onX, which we will call the integral total transform of D, which plays, in some sense, the role of the proper transform in case codim(V, X) ≥ 2.
The problem of defining, for a Weil divisor D trough V on X, the total transform X has been considered and solved by Mumford in [7] on a normal surface, with the goal of developing the bilinear intersection theory on normal surfaces (see also [9] ). Mumford's theory can be generalized on rational normal cones by defining the total transform j * D of a divisor D on X as:
DEFINITION 3.12 Let codim(V, X) = 2 and let D be a Weil divisor on X. Then the (rational) total transform of D inX is:
where E is the exceptional divisor onX and q is a rational number uniquely determined by the equation: (D + qE) · E ·H r−2 = 0.
IfD ∼ aH + bR, then we find that q = b f . If D is effective, sinceD does not contain E, we have that b =D · E ·H r−2 ≥ 0, i.e. q ≥ 0. Mumford's total transform j * D is in general a Q-divisor and it is integral if and only if D is Cartier. As we will see, it is more convenient for our purposes to consider, if D is effective, the round-up ⌈j * D⌉ of j * D, i.e. the smallest integral divisor onX containig j * D. So let us give the following definition: 
The relations between these coefficients and the ones in Def. 
H is a Cartier divisor on X cut out by a hypersurface F of degree k + 1. Let us consider onX the divisor j * F ∼ (k + 1)H. We have that D * +D ′ = j * F , in fact they are linearly equivalent and coincide outside E. Therefore the scheme-theoretic union F of the schemetheoretic images j * D ′ and j * D * is contained in j * (j * F ) = F , which is equal to the scheme theoretic union of the strict images j #D ′ = D ′ and j # D * = D. Therefore we must have F = F . This implies that F cannot have embedded components, since it is cut out by a hypersurface on the arithmetically Cohen-Macaulay scheme X. Since the ideal sheaf of F is given by the product of the ideal sheaves of j * (D * ) and D ′ , an embedded components of j * (D * ) would be an embedded components of F , but this is not possible. On the other side j * (D * + mE) for m > 0 can not be equal to D; in fact
The isomorphism between the ideals follows from Lemma 2.5. 
Since the tensor product of a reflexive sheaf with an invertible sheaf is reflexive, we obtain that the sheaves O X (a, b) are reflexive for every a ∈ Z and b < f . It remains to prove that the sheaves O X (0, d) are not reflexive for d ≥ f . Let us suppose they are reflexive and divide d − 1 = kf + h as usual, with k ≥ −1 and 0 ≤ h < f ; then the sheaves O X (k, h + 1) and O X (0, d) with h < f − 1 (or the sheaves O X (k + 1, 0) and O X (0, (k + 1)f ) if h = f − 1) are both reflexive and isomorphic on X S , by Th. 3.1 they should be isomorphic on X, but this is not possible. In fact the dimension of the respective zero cohomology groups are different, as one may compute using (3.7) and (3.5).
As a consequence of Th. 3.17 we have that we can write the divisorial sheaf associated to a Weil divisor D in X in more than one form. To be more precise,
In the next Corollary we esplicity describe the group Div(X), fixing a particular form in which we write a divisorial sheaf. In this way it is evident the bijection between Div(X) and Cl(X) ∼ = Z.
COROLLARY 3.18
Let codim(V, X) = 2. Then:
The natural group structure on Div(X) is given by:
Proof. By Th. 3.17, for every d ∈ Z, we can write the divisorial sheaf associated to D ∼ dR in the form O X (a, b) with a ∈ Z and 0 ≤ b < f .
This particular choice is convenient if we want to compute h 0 (O X (D)), in fact by (3.7) we know how to compute it. 
Proof. Cor. 3.18, (3.7), (3.5).
We conclude with the projection formula: 
Proof. By Th. 3.17 j * OX (D * ) is a reflexive sheaf; since it is the divisorial sheaf associated to D in the open set X S , then by Th. 3.1 it is the divisorial sheaf of D an all X.
As we have already noted, an effective Weil divisor D on X ⊂ P n is a closed subscheme of X of pure codimension 1 with no embedded components ( [6] , Prop. 2.4.). For this reason we can regard D ⊂ P n as a projective scheme. Given two effective divisors D and D ′ on X with no common components, we can consider the scheme-theoretic intersection D ∩ D ′ ⊂ P n and ask for its degree. For degree of a scheme Y ⊂ P n we mean the lenght h 0 (O YL ) of the zero-dimensional scheme Y L which represents a generic (codim Y )-dimensional linear section of Y . As we will see, this problem has an immediate solution when codim(V, X) > 2, via the isomorphism Cl(X) ∼ = CaCl(X). In this section we show how to use the integral total transform to compute this degree in case codim(V, X) = 2.
If codim(V, X) > 2, by Cor. 2.2 we can define an intersection form on Div(X):
exactly as inX; i.e. I is determined by the rule:
The intersection form I determines the degree of the intersection scheme
effective divisors which intersect properly. If codim(V, X) = 2, the linear theory of intersection developed by Mumford in [7] in the case of a normal surface can be generalized to our case by 
Since j * I D * |X = I D|X by Prop. 3.16 and
In the next lemma we analize the behaviour of the total transform with respect to the sum of Weil divisors. First we need the following definition: 
We note that given D ∼ dR on X, ǫ is uniquely determined by the class of linear equivalence of D, i.e. by d. 
Proof. By definition 3.13 of integral total transform we have:
since the proper transform of D 1 + D 2 isD 1 +D 2 . We find the two cases
THEOREM 4.6 Let codim(V, X) = 2 and let Y ⊂ X ⊂ P n be a "complete intersection" of two effective divisors D 1 and D 2 on X. The following sequence is exact:
and therefore it is a "reflexive resolution" of O Y as a O X -module. 
For any effective Weil divisor D on X we have already seen the resolution of O D :
in the proof of Lemma 4. 
Looking at the resolution of O YL , by adjunction formula we compute: we find:
We note that when [ǫ + ǫ ′ ] = 1, the quantity f (ǫ + ǫ ′ − 1) is bigger than or equal to zero, therefore 
